The phenomena of soliton resonance can occur in (2+1)-dimensional modified Kadomtsev-Petviashvili equation (mKP). In this paper, we study the multisoliton solutions in Hirota's forms for isospectral and non-isospectral mKP. We take two-soliton solutions as examples to investigate soliton resonances occurring in uniform and nonuniform media according to different values of the phase shift parameter.
Introduction
Soliton equations in (1+1)-dimensional space, such as the KdV equation, and so on, have been discussed in a variety of methods for many years. In recent decades, many scientists have turned their attention to soliton equations in higher dimensional space. The Kadomtsev-Petviashvili (KP) equation
is an important model which describes the stability of soliton in nonlinear media with weak dispersion in (2+1)-dimensional space. Until now, the investigation on the KP hierarchy has progressed very well. Many properties, such as multisoliton solution, Wronskian solution and soliton resonance, have been discovered.
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Resonant interaction of two-soliton among three obliquely oriented solitons in higher dimension was first studied by Miles in 1977. 2 Ohkuma et al. have proved that the KP equation provides line solitons in shallow water and these solitons can be of resonance. [5] [6] [7] [8] [9] Recently, we have investigated the non-isospectral KP equation and found that the resonance of line solitons can occur in non-uniform media. 9, 10 In this paper, we would like to develop the idea presented in Refs. 5-11 to investigate soliton resonances in the mKP and in the non-isospectral mKP, the former of which can describe two-dimensional ion-acoustic waves including the effect of trapped electrons in a plasma. 12 Besides, the non-isospectral mKP is also related to symmetries of the mKP equation. 13 In this paper, we first work out bilinear forms of the mKP and non-isospectral mKP. On the basis of the bilinear forms, we present multisoliton solutions through the standard Hirota's approach. These soliton solutions are similar to but not exactly the same as those in Refs. 14 and 15. In the light of the new forms of solutions, we discuss the dynamics of soliton solutions for the mKP and non-isospectral mKP including one-soliton characteristics and two-soliton scattering (see Refs. 16 and 17) . We prove that the mKP provides soliton scattering and resonances, and as a non-isospectral model the non-isospectral mKP can provide soliton scattering and soliton resonances in non-uniform media.
The paper is organized as follows. In Sec. 2, we solve the mKP equation and investigate the resonance of line solitons. In Sec. 3, we present solutions for the non-isospectral mKP by means of Hirota's method. In Sec. 4, the discussion about soliton resonances for non-isospectral mKP will be given. A conclusion is in the final section.
Soliton Solution and Soliton Resonances for the mKP
In this section, we first derive the soliton solutions of the mKP equation. Then we consider the soliton resonances.
Soliton solution for the mKP
The mKP reads
By the dependent variable transformation
where f , g are functions of x, y and t, the mKP (2) admits bilinear forms
where D is the well-known Hirota's bilinear operator 18 defined as
Through a standard Hirota's process, we can get multisoliton solutions for the mKP (4) . For example, the one-soliton solution is
where ξ 1 and η 1 are defined as
with real constant parameters k j , q j , ξ
1 , η
j . For getting a non-trivial and nonsingular solution we set q 1 < 0 < k 1 and q 1 + k 1 = 0 in Eq. (5) .
Equation (5) provides a line soliton traveling with a stable amplitude A = k 1 − q 1 − 2 √ −k 1 q 1 , the top trace
which is a straight line in the x-y plane and slope y = − 1 k1−q1 x. The two-soliton solution is
The N -soliton solution 14 can be described by Eq. (3) with
where ξ j , η j are defined in Eq. (6),
in which k j = −q l are real constants and the sum over µ = 0, 1 refers to each of µ j = 0, 1 (j = 1, 2, . . . , N ). We note that to avoid the singularities of solutions one can take 0
Soliton resonance for mKP equation
First we rewrite g, f in the two-soliton solution (7) as 
Next, we investigate the resonant behavior of two-soliton. The resonance of line solitons will appear when e A12 = 0 or e A12 → +∞ in the non-degenerate twosoliton cases. We will take the e A12 = 0 case as an example. The discussion about the case of e A12 → +∞ is similar. When e A12 = 0, the two-soliton solution is described through Eq. (3) with
To obtain the non-degenerate two-soliton solution when e A12 = 0, one can take the parameters as in Table 1 .
Moreover, to get non-singular two-soliton resonance, we need
In this paper, we take the case of
as an example to discuss the resonances of line solitons. By means of asymptotic analysis we first introduce the coordinate frame (X 1 = x + ν 1 y, y) and under which we have
Condition (12) guarantees χ 2 (ν 2 − ν 1 ) to be always negative. Now let the frame comove with ζ 1 -soliton, i.e. keep X 1 constant. We then have ζ 2 → ∓∞ when y → ±∞, which suggests Similarly, in the coordinate frame (X 2 = x + ν 2 y, y), if X 2 stays constant, we have
In the coordinate frame (
Let us rewrite the above asymptotic behaviors in a simple form as
We depict the above case in Fig. 1 . We summarize that when e A jl = 0 or e A12 → +∞, the soliton resonances will occur in the multisoliton solution. It means that some of the branches will disappear after interaction.
Soliton Solutions for the Non-Isospectral mKP
Consider the non-isospectral mKP
with Lax pair
The bilinear form of Eq. (18),
can be obtained through the transformation (3) as well. Equations (20) were solved by
with
where ξ (0) j and η (0) j are all real constants, the sum over µ = 0, 1 refers to each of µ j = 0, 1 (j = 1, 2, . . . , N ).
In our paper, beyond Ref. 15 we give the following new solutions:
Since the solution will become singular at t = −2c j and t = 2d j , the resonant behavior will be more complicated than the isospectral case. In the light of Eq. (22d), e A jl is simplified to
where c j = d l (j, l = 1, 2, . . . , N ) are real constants. To get Eq. (22), we have followed the process of finding soliton solutions as we did in Sec. 2. Thus, the solution to non-isospectral mKP equation (18) can be given by Eq. (22) with Eq. (3).
Soliton Resonance of the Non-Isospectral mKP
In this section, we investigate soliton scattering of the non-isospectral mKP.
One-soliton characteristics
Equation (22d) yields
Rewrite ξ j + η j as
where
j . (24b) Then, the one-soliton solution can be given as
from which we know that the soliton travels with a time-dependent amplitude, top trace and velocity. The time-dependent amplitude is
and the slope of y with respect to x is
for any given t.
Two-soliton resonance of the non-isospectral mKP
When N = 2, we get the two-soliton solution which is described through Eq. (3) with
where θ j is defined by Eq. (24).
To avoid singularity, noting that in Eqs. (23) and (27) we need to take
When e A12 = 0 or e A12 → +∞ in the non-degenerate two-soliton case, the resonance of line solitons will happen for the non-isospectral mKP as well.
Under the condition of e A12 = 0, the two-soliton solution (27) is reduced to
The conditions of e A12 = 0 and Eq. (29) being a non-degenerate case are shown in Table 2 . Table 2 . The resonance's conditions of the twosoliton solution for the non-isospectral mKP.
In the case of
as an example to discuss the resonances of line solitons. As in Sec. 2, we investigate soliton resonances through asymptotic analysis. Introducing the coordinate frame (Y 1 = x + ν 1 y, y) and under which we have
2 .
The conditions (28) and (30) guarantee χ 2 (ν 2 − ν 1 ) = χ 2 (q 1 (t) − q 2 (t)) to be always negative. If the frame co-moves with θ 1 -soliton, i.e. keeping Y 1 constant, we have θ 2 → ∓∞, y → ±∞, which further suggests
Similarly, in the coordinate frame (Y 2 = x + ν 2 y, y), letting the frame co-move with θ 2 -soliton, we have
We rewrite them as
Resonance under condition (30) is shown in Fig. 2 . In the case of
as an example. In this case the conditions (28) and (36) guarantee χ 2 (ν 2 − ν 1 ) = χ 2 (k 2 (t) − k 1 (t)) to be always positive. By introducing the coordinate frame (Y 1 = x + ν 1 y, y) and under which if the frame co-moves with θ 1 -soliton, we have θ 2 → ±∞, y → ±∞, then the limits of two-soliton solution take the form Similarly, in the coordinate frame (Y 2 = x + ν 2 y, y) co-moving with θ 2 -soliton, we have
1 + e θ1−θ2 , y → +∞ .
This case is depicted in Fig. 3 . The discussion about other cases is quite similar and we skip the details here. We summarize this section as follows:
(1) The one-soliton characteristic shows that the solitary wave in non-uniform media have time-dependent velocity, amplitude and top trace. (2) Soliton resonances can happen in the non-isospectral mKP. Besides, we note that not only two-soliton but also other multisolitons, such as three-soliton, four-soliton, can be of resonances. This means that some of the branches will disappear and web structure will come into being (Ref. 7).
Conclusions
In this paper, we have discussed the soliton solutions and resonance in the isospectral and non-isospectral mKP equations. We took Hirota's bilinear method as the tool to find exact solutions. We then investigate two-soliton resonances through asymptotic analysis. It shows that the soliton resonances for the mKP-type equations can occur both in uniform and non-uniform media. Finally, we note that many high dimensional systems can exhibit a variety of soliton behaviors, for example, multi-periodic behaviors (Ref. 19 ). It will be interesting to consider more new and interesting dynamics of high dimensional systems and also their reduction relationship with low dimensional systems (Ref. 20) . These will be discussed elsewhere.
